Singular solutions of Yang-Mills equations and bag model by Lunev, F. A. & Pavlovsky, O. V.
ar
X
iv
:h
ep
-p
h/
96
09
45
2v
3 
 3
0 
Se
p 
19
96
Singular solutions of Yang-Mills equations
and bag model.
F. A. Lunev ∗
Physical Department, Moscow State University,
Moscow, 119899, Russia
O. V. Pavlovsky †
Physical Department, Moscow State University,
Moscow, 119899, Russia
Abstract
A model of quark confinement based on a singular solution of classical YM
equation is proposed. Within the framework of this model we have calculated
hadron masses that correspond to ground state configurations of quarks. Our
results are in agreement with the experiment data with accuracy 3-7 percents
for all hadronic masses except those of light pseudoscalar mesons.
1 Introduction.
Bag model is one of the first attempts to understand physics of hadrons in terms
of quarks. In its simplest form it was formulated in the end of 60’s [1] and became
well-known after the works of MIT group [2] in the middle of 70’s. So far many mod-
ifications of bag model were proposed [3]. It appeared that bag model gave rather
satisfactory description of masses, magnetic moments and many other properties of
hadrons [4]. However, in spite of these successes, bag model never was a very popular
one. The origin is clear. In contrast to Standard model pretending for description
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of hadron physics by proceeding from some fundamental principles, bag model is
based on a pure phenomenological assumption that quarks are confined inside a cer-
tain sphere. Up to now it is absolutely unclear how to derive such an assumption
from QCD and just so nowadays bag model is usually considered as a rather crude
phenomenological model, and nothing more.
In the present paper we will try to show that , nevertheless, there exists a way to
derive a kind of bag model from QCD.
Our basic assumption is that quark in zero approximation moves in a certain
effective YM potential, that is a solution to classical YM equations with singularity
on the sphere. Such solutions were discovered in 70’s in papers [5]. More recently
singular solution of YM equations was found as an analogue to Schwartzchild solution
in general relativity [6]. In the latter paper a remarkable analogy between YM theory
and general relativity established in the works [7] was used. (See [8] for further
references). Later analogous solutions for Yang-Mills-Higgs equations were found [9].
Solutions with singularity on the torus and cylinder were investigated in [10].
Our model obviously can be derived from QCD by quantization in neighborhood
of such a singular classical solution as zero approximation. Further corrections, in
principal, can be also obtained in a systematic way. But in present paper we restrict
ourselves to investigation of zero approximation. Namely, we will investigate the
motion of quark in such field and evaluate mass spectrum of ground hadron states. We
will show that our model gives quite satisfactory description of all ground hadron state
except those of light pseudoscolar mesons. The discrepancy between our results and
experiment data for masses of light pseudoscolar mesons is not a surprise. Indeed, it is
known that many features of light mesons physics are related to spontaneous breaking
of chiral symmetry. But the latter phenomenon is not taken into consideration within
framework of our bag model at all. So one cannot hope to describe light meson mass
spectrum within framework of the present simple version of our model. This problem
needs further investigations.
The paper is organized as follows. In section 2 we describe spherically symmetric
solutions of YM equations with singularity on the sphere. In section 3 we investigate
motion of Dirac particle in such field. In section 4 we calculate the mass spectrum of
ground hadron states by quantization in the neighborhood of this classical solution.
In the last section we discuss results obtained.
2 Classical solutions of YM equations with singu-
larity on the sphere.
Let us consider four dimensional SU(2) YM theory. Substituting the well-known
Wu-Yang ansatz [11]
Aa0 = 0, A
a
i = εaij
xj
r2
(1−H) (1)
2
in YM equations, one get
r2H
′′
= H(H2 − 1) (2)
It can be proved [5] that there are only two types of solutions of equation (2) that
are singular on some sphere and regular at r = 0 (see Fig.1).
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Figure 1: The singular solutions of Wu-Yang equation (2),R = 1.
The asymptotics of the first one are:
H1(r) ∼
√
2
1− r/R , r → R− 0 ; H1(r) ∼ 1 + c1
( r
R
)2
, r → 0 (3)
and of the second one are:
H2(r) ∼
√
2
1− r/R , r → R− 0 ; H2(r) ∼ −1 + c2
( r
R
)2
, r → 0 (4)
where R > 0 is an arbitrary constant, c1 ≃ 3.038 and c2 ≃ 9.448.
It appears that satisfactory agreement between experimental data and results
obtained from our model can be achieved only for solution with asymptotics (4).
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So in what follows we will suppose that functions H(r) is defined by eqs.(2),(4).
Starting from these singular solutions of SU(2) YM equations, one can construct two
different sets of singular solutions of SU(3) YM equations that correspond to two
non-equivalent embeddings of the algebra SU(2) in the algebra SU(3). Namely, up
to unitary equivalence, the first set of such solutions can be defined as
A =
1
2
A1λ1 +
1
2
A2λ2 +
1
2
A3λ3 (5)
and the second one as
A =
1
2
A1λ2 +
1
2
A2λ5 +
1
2
A3λ7 (6)
where λα, α = 1, 2 · · ·8, are Gell-Mann matrices and Aa, a = 1, 2, 3 are defined by
formula (1).
3 Quark in Yang-Mills field with singularity on the
sphere.
Let us consider solutions of Dirac equation
(iγ0
∂
∂t
+ iγj∇j)Ψ = mΨ (7)
for the quark in potential (5) or (6). In the case (5) quark cannot be confined inside
the sphere r = R because the third component of quark field satisfies free Dirac
equation. So in what follows we restrict ourselves to consideration of the case (6).
By virtue of spherical symmetry of the potential (6) Dirac Hamiltonian commutes
with operators of angular momentum
Ja =
i
4
εabc[γb, γc] + Ia + la
where (Ia) ≡ (λ2, λ5, λ7) are color isospin operators and la are orbital angular mo-
mentum ones,
li = −iεijkxj∂k
The solutions with definite total angular momentum and definite energy E can
be represented as
Ψ = 1
r

 B+1 (r)∇Ωj ΩJ+1/2JM +D+1 (r)njΩJ+1/2JM + C−1 (r)ljΩJ−1/2JM
i
√
E−m
E+m
(B−1 (r)∇Ωj ΩJ−1/2JM +D−1 (r)njΩJ−1/2JM + C+1 (r)ljΩJ+1/2JM )

 e−iEt
+1
r

 iB−2 (r)∇Ωj ΩJ−1/2JM + iD−2 (r)njΩJ−1/2JM + iC+2 (r)ljΩJ+1/2JM√
E−m
E+m
(B+2 (r)∇Ωj ΩJ+1/2JM +D+2 (r)njΩJ+1/2JM + C−2 (r)ljΩJ−1/2JM )

 e−iEt
(8)
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where Ω
J±1/2
JM are a spherical spinors
Ω
J+1/2
JM =
(−√J−M+1
2(J+1)
YJ+1/2M−1/2√
J+M+1
2(J+1)
YJ+1/2M+1/2
)
Ω
J−1/2
JM =
(√ J+M
2(J+1)
YJ−1/2M−1/2√
J−M
2(J+1)
YJ−1/2M+1/2
)
and
∇Ωi = r
∂
∂xi
− xi ∂
∂r
ni =
xi
r
One notes, that J = 1/2, 3/2, · · ·. Substituting (8) in (7), one gets:
B+1
′
=
1
J + 1/2
(
−(J − 1/2)(J + 3/2)1
r
B+1 +
H
r
D+1 − (J − 1/2)
1
r
C−1
−E(C+1 − (J − 1/2)B−1 )
)
(all J)
B−1
′
=
1
J + 1/2
(
(J − 1/2)(J + 3/2)1
r
B−1 −
H
r
D−1 − (J + 3/2)
1
r
C+1
−E(C−1 + (J − 1/2)B+1 )
)
(J > 1/2)
D+1
′
= −(J + 1/2)1
r
D+1 + (J + 3/2)
H
r
B+1 − (J − 1/2)
H
r
C−1
+ED−1 (all J)
D−1
′
= (J + 1/2)
1
r
D−1 + (J + 3/2)
H
r
C+1 − (J − 1/2)
H
r
B−1
−ED+1 (all J)
C−1
′
=
1
J + 1/2
(
(J − 1/2)(J + 3/2)1
r
C−1 −
H
r
D+1 − (J + 3/2)
1
r
B+1
+E(B−1 + (J + 3/2)C+1 )
)
(J > 1/2)
C+1
′
=
1
J + 1/2
(
−(J − 1/2)(J + 3/2)1
r
C+1 +
H
r
D−1 − (J − 1/2)
1
r
B−1
+E(B+1 − (J − 1/2)C−1 )
)
(all J)
(9)
where E = √E2 −m2, and exactly the same system of equations for functions B±2 ,
C±2 , D
±
2 . So initial Dirac equations are separated into two identical sets of equations.
This leads to degeneration of all energy levels.
This is not surprises. Indeed, Dirac equations in external chromomagnetic field
with property ( ~A(−x) = − ~A(x)) are invariant under parity transformations . It is
well-known [12] that this symmetry implies N = 1 sypersymmetry of Dirac equations
that, in turn, implies the doubling of energy levels. Thus all energy levels appear to
be degenerate in parity. As a consequence, all hadrons must be degenerate in parity.
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This is a puzzle of our model. In what follows, we postulate that quarks may be in
states with only one parity.
States with definite parity correspond to solutions of Dirac eq.(7) for which either
B±1 = C
±
1 = D
±
1 = 0 or B
±
2 = C
±
2 = D
±
2 = 0. For definiteness, we choose the second
case.
If J = 1/2 then only four functions B+1 (r), D
+
1 (r), C
+
1 (r) and D
−
1 (r) survive in
eqs.(9). Surprisingly, but four first order equations for the functions B+1 (r), D
+
1 (r),
C+1 (r) and D
−
1 (r) reduce to one second order equation. Namely, if
x+ = D
+
1 +
√
2B+1 , x− = D
+
1 −
√
2B+1 ,
y+ = D
−
1 +
√
2C+1 , y− = D
−
1 −
√
2C+1
then simple analysis of eqs.(9) shows that either
y− ≡ 0
y+
′′
+ (E2 − 2H2
r2
−
√
2H
′
r
)y+ = 0
x+ = − 12rE y+
x− = 1E (y+
′ − ( 1
2r
+
√
2H
r
)y+)
(10)
or
y+ ≡ 0
y−
′′
+ (E2 − 2H2
r2
+
√
2H
′
r
)y− = 0
x− = − 12rE y−
x+ =
1
E (y−
′ − ( 1
2r
−
√
2H
r
)y−)
(11)
Eqs.(10) as well as eqs.(11) has only one square locally integrable solution at
r = R. It automatically satisfies boundary condition (12)
y±(R) = 0 (12)
This means that quark cannot penetrate through the sphere r = R. Indeed,
equations describing quark penetration through the potential barrier at r = R must
have at least two linear independent locally square integrable at r = R solutions that
correspond to two possible directions of quark motion (into the sphere and out of
the sphere).Lowest eigenvalues E = En/R of eqs.(10),(11) with function H defined by
eqs.(2),(4) are given in table 1.
Energy levels can be can be express via numbers En as
En(R) =
√
E2n
R2
+m2 (13)
Let us consider the case J ≥ 3/2. In this case the equations (9) have four linearly
independent solutions that are locally square integrable at r = R. Two of them vanish
at r = R whereas two other have asymptotics
6
En
7.800 1.997
10.920 7.288
14.074 10.885
Table 1: Eigenvalues E = En/R for eq.(10) and (11). Data in the left and right
columns correspond to eq.(10) and (11) respectively.


B+1
B−1
D+1
D−1
C−1
C+1


−→
r → R C1




J − 1/2
0
0
0
J + 3/2
0


+O(1− r/R)


(14)


B+1
B−1
D+1
D−1
C−1
C+1


−→
r → R C2




0
J + 3/2
0
0
0
J − 1/2


+O(1− r/R)


(15)
where C1, C2 are constants.
This means that quarks with J ≥ 3/2 are not confined inside the sphere r = R.
In particular, normal component of the carrent jν = ψ¯γνψ on the surface r = R is
not vanished:
nνj
ν |r=R ∼ C1C2 (16)
In such situation the only possibility to confine quark with J ≥ 3/2 sphere r = R
is to impose (”by hands”,as in usual bag models) the boundary condition
nνj
ν |r=R = 0 (17)
Obviously eq.(17) implies C1C2 = 0 and so either C1 = 0 or C2 = 0. In other
words, we must forbid either asymptotics (14) or asymptotics (15). We choose the
condition C1 = 0.
Results of numerical evolution of lovest eigenvalues E of the system (9) with
boundary condition C1 = 0 are presented in table 2.
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En
J = 3/2 J = 5/2
4.165 5.151
6.977 8.518
7.949 8.863
Table 2: Eigenvalues E = En/R for eq.(9), . Data in the left and right columns
correspond to J = 3/2 and J = 5/2 respectively.
4 Hadron mass spectrum.
Let us consider ”partition function”
Z = tr e−iHT
where H is QCD Hamiltonian. ”Partition function” can be represented as
Z =
∫
DADΨ¯DΨei
∫ T
0
dt
∫
d3x(LY M (A)+Lferm(Ψ¯,Ψ,A)) (18)
We assume that the main contribution in functional integral (9) is given by tra-
jectories close to classical solution Acl of YM equations defined by eqs.(2),(4),and (6).
Applying stationary phase method, one gets in zero approximation:
Z =
∫
zero
modes
e−iEY M (R)T
∏
q
det[γ0(iγ0
∂
∂t
+ i~γ ~∇(Acl)−mq)]APBC (19)
where APBC means ”anti-pereodic boundary conditions” and EYM(R) is classical
energy of the field Acl. The determinant in (19) can be easy evaluated in terms of
positive eigenvalues Es(R,mq) (defined by eq.(13)) of Hamiltonian
iγ0~γ~∇(Acl)− γ0mq
that have been evaluated in section 3 (see, for instance,[13]). Substituting the result
in (19), one obtains:
Z =
∑
1≤ks≤ns
∫
zero
modes
e−i(EY M (R)+
∑
q
∑
s
ksEs(R,mq))T (20)
where ns = 4(2J + 1) is doubled multiplicity of the eigenvalue Es (Remind, that
multipl6icity of the eigenvalue Es with given J is 2(2J + 1). Additional factor 2
correspond to contribution of anti-quarks.).
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By virtue of scale invariance of YM equations the measure of integration in (20)
comprises integration with respect to R. So, applying again stationary phase method,
one gets
Z ∼ ∑
1≤ks≤ns
e
−i(EY M (R0)+
∑
q
∑
s
ksEs(R0,mq))T (22)
where R0 is defined from an equation
∂
∂R
[EYM(R) + ksEs(R,mq)]
∣∣∣∣∣
R=R0
= 0 (23)
So hadronic masses are defined by the formule
M theor = EYM(R0) +
∑
quark
E(R0, mq) (24)
The quantity EYM(R) is divergent due to singularity of Acl at r = R . We
assume that EYM(R) become finite after renormalization. However, so far we have
not elaborated renormalization procedure in our model. Instead, we simply postulate
that
EYM(R) = BR
n (25)
where B is some constant. The choice n = 3 correspond to MIT model. In our model
the choice n = 2 also seems natural because the main contribution in EYM(R) is
proportional to the area of this sphere.
Fortunately, it appears that hadronic masses depend on n very weakly. So concrete
choice of this parameter is not important.
Results of calculation of hadronic masses, corresponding to ground state configu-
rations of quarks, are presented in Tables 3 and 4. Parameters B,mu = md,ms, mc
and mb are determined by minimizing of the quantity
∆(B,mu, ms, mc, mb) =
∑
h
[(Mexph −M theorh )/Mexph ]2
where Mexph are masses of hadrons [14], M
theor
h are defined by eq.(24).
To be exact, for determination of the constant B and quark masses we used masses
of p(n), Ξ, Λc, Λ
0
b , D
±
c , D
±
sc, B and ηc that are measured with the best accuracy in
comparison with ones of other hadrons.
5 Discussion.
We see that our model gives rather good description for almost all hadron masses
corresponding to ground states configurations of quarks except those of light pseu-
doscalar mesons. As we already have mentioned in Introduction, the description of
9
Parameters n = 3 n = 2
B 3.338× 108(MeV )4 2.960× 106(MeV )3
mu 89.92(MeV ) 95.56(MeV )
ms 359.1(MeV ) 350.4(MeV )
mc 1432(MeV ) 1409(MeV )
mb 4893(MeV ) 4866(MeV )
Table 3: Parameters of our model.
the light pseudoscalar mesons cannot be given without consideration of the problem
of chiral symmetry breaking that is out of the scope of our model nowadays.
The accuracy 3-7 percents achieved in our model is maximal possible one for
any constituent quark model in which interaction between quarks is not taken into
account. Indeed, in any such model Λ and Σ particle must have the same mass. But
really there exists approximately 7% difference between mΛ and mΣ.The same is true
for Λc and Σc. So seven percents is, most likely, the maximal accuracy that can be
achieved in any simple constituent quark model. In fact, this means that we cannot
describe spectrum of hadron resonances in framework of our model now. Indeed,
mass differences between hadron resonances are less, typically, then seven percents.
Our model meets some internal difficulties. In particular, we are obliged to impose
”by hands” boundary condition (8) for quarks with J ≥ 3/2. May be this difficulties
(as many others) can be overcome if one consider instead of the solution (6) more
general solution of SU(3) YM equation. Indeed, in the present paper we investigate,
in fact, SU(2) QCD with quarks in adjoint representation. But qauge group of QCD
is definitely SU(3) rather than SU(2). Most likely, many difficulties arising in our
model are connected with this circumstance.
In the nearest future we plan to investigate singular solutions of SU(3) YM equa-
tions that cannot be reduced to any solution of SU(2) ones and also to develop per-
turbative theory on the background of such singular solutions. Results of the present
paper show that there exists a good chance to obtain satisfactory description of mass
spectrum and other properties of hadron in this way.
References
[1] P.N. Bogolubov, Ann.Inst.Henri Poincare 8 (1967) 163
[2] A. Chodos,R.L. Jaffe,K. Johnson,C.B. Thorn., and V.F. Weisskopf, Phys.Rev.
D9 (1974) 3471; Phys.Rev. D10 (1974) 2599
[3] W.A. Bardeen, M.S. Chanowitz, S.D. Drell, M. Weinstein, and T.-M. Yan,
Phys.Rev. D11 (1978) 1094; P. Hasenfratz, and J. Koti, Phys.Rep. 40C (1978)
10
75; P.N. Bogolubov and A.E. Dorokhov, Fiz. Elem. Chastits At. Yadra 18 (1987)
917; A.E.Dorokhov, Yu.A. Zubov, and N.I. Kochelev, Sov.J.Part.Nucl. 23 (1992)
522
[4] T. DeGrand, R.L.Jaffe, K. Johnson, and J. Kiskis, Phys.Rev. D12 (1975) 2060;
K. Johnson, Acta Phys. Pol. B6 (1975) 865
[5] J.M. Swank,L.J. Swank, and T. Dereli, Phys.Rev., D12 (1975) 1096; A.P. Pro-
togenov, Phys. Lett. B 67 (1977) 62; Phys. Lett. B 87 (1979) 80
[6] F.A. Lunev, At. Nucl. Phys. (Yad.Fiz.), 56 (1993) 1591; Phys. Lett. B, 311 (1993)
273; Teor.Math.Phys. 94 (1993) 66
[7] F.A. Lunev, Phys. Lett. B 295 (1992) 99.; K. Johnson, in QCD-20 years later.,
p.795 (World Scientific, 1993); M.Bauer, D.Z. Freedman, and P.E. Haagensen,
Nucl.Phys. B428 (1994) 147
[8] F.A. Lunev, hep-th/9503133
[9] D. Singlton, Phys.Rev. D51 (1995) 5911
[10] S. Mahajan and P. Valanju, Phys.Rev., D36 (1987) 1500; Phys.Rev., D36 (1987)
2543; Yu.N. Obukhov, hep-th/9608011
[11] T.T. Wu and C.N.Yang, in Properties of mather under unusual condition. eds.
H.Mark,S.Fernback (Interscience,N.Y.),1969
[12] F. Cooper, A. Khare, and U. Suktme, Phys.Rept., 251 (1995) 267
[13] R. Rajaraman, Solitons and Instantons. (Noth-Holland Publishing Company,
Amsterdam, New York, Oxford, 1982)
[14] Partical data gruop. Phys.Rev. D50 (1994) N3(1)
11
Particle(spin,mass(MeV)) Quark Mass (n = 3) Mass (n = 2)
configuration (MeV) (MeV)
p(n) (J = 1/2, m = 940) 1Su − 1Su − 1Sd 957 957
Λ (J = 1/2, m = 1116) 1Su − 1Su − 1Ss 1137 1137
Σ (J = 1/2, m = 1.189)
Ξ (J = 1/2, m = 1320) 1Su − 1Ss − 1Ss 1311 1311
Λc (J = 1/2, m = 2285) 1Su − 1Su − 1Sc 2156 2149
Σc (J = 1/2, m = 2455)
Λb (J = 1/2, m = 5641) 1Su − 1Su − 1Sb 5601 5593
Ξc (J = 1/2, m = 2465) 1Su − 1Ss − 1Sc 2326 2318
D±c (J = 0, m = 1869) 1Su − 1Sc 1874 1883
Ds (J = 0, m = 1968) 1Ss − 1Sc 2029 2033
B (J = 0, m = 5278) 1Su − 1Sb 5313 5320
ηc (J = 0, m = 2979) 1Sc − 1Sc 3011 3000
ρ (J = 1, m = 769) 1Su − 1Su 701 721
K∗ (J = 1, m = 892) 1Su − 1Ss 869 887
φ (J = 1, m = 1019) 1Ss − 1Ss 1032 1047
Υ (J = 1, m = 9460) 1Sb − 1Sb 9856 9830
∆++ (J = 3/2, m = 1232) 1Su − 1Su − 1Pu 1191 1159
Ω− (J = 3/2, m = 1672) 1Ss − 1Ss − 1Ps 1671 1646
Ω0c (J = 1/2, m = 2700(?)) 1Ss − 1Ss − 1Sc 2491 2480
Table 4: Hadron mass spectrum evaluated by formulas (23)-(25). 1Su − 1Su − 1Ss
means configuration in which two u quarks and one s quark in ground states with
J = 1/2, etc; 1Pu and 1Ps means ground states of u and s quark with J = 3/2. One
notes that configurations 1Su−1Su−1Su and 1Ss−1Ss−1Ss are forbidden by Pauli
principle. So just configurations 1Su−1Su−1Pu and 1Ss−1Ss−1Ps are true ground
state configurations for ∆++ and Ω−. The value of spin in these cases automatically
equal to 3/2.
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